UNIPOTENT FLOWS ON PRODUCTS OF SL(2,K)/r'S 



NIMISH A. SHAH 

Abstract. We will give a simplified and a direct proof of a special case 
of Ratner's theorem on closures and uniform distribution of individual 
orbits of unipotent flows; namely, the case of orbits of the diagonally em- 
bedded unipotent subgroup acting on SL(2, K)/Y\ x • • • x SL(2, K)/Y n , 
where if is a locally compact field of characteristic and each Ti is 
a cocompact discrete subgroup of SL(2, K). This special case of Rat- 
ner's theorem plays a crucial role in the proofs of uniform distribution of 
Heegner points by Vatsal, and Mazur conjecture on Heegner points by 
C. Cornut; and their generalizations in their joint work on CM-points 
and quaternion algebras. A purpose of the article is to make the ergodic 
theoretic results accessible to a wide audience. 



1. Introduction 

In the mid seventies M.S. Raghunathan had conjectured that dynamical 
properties of individual orbits of unipotent flows on finite volume homo- 
geneous spaces of semisimple Lie groups show a remarkable algebraic be- 
haviour; namely, the closure of any non-periodic orbit is a finite volume 
homogeneous space of a larger subgroup. This conjecture was motivated by 
an approach to resolve Oppenheim conjecture on values of quadratic forms 
at integral points. A precise form of Raghunathan's conjecture, and its im- 
portant measure theoretic analogues were formulated by S.G. Dani, who 
also verified those conjectures for horospherical flows in the early eighties. 
This work attracted greater attention to the Raghunathan conjecture and 
its extensions. It generated a lot of excitement when in the late eighties 
G.A. Margulis fully settled the Oppenheim conjecture in affirmation by ver- 
ifying Raghunathan's conjecture for certain very specific cases. This seems 
to be the first major triumph of the power of ergodic theoretic methods 
in solving long standing number theoretic problems. Soon after, by the 
beginning of the nineties M. Ratner obtained complete affirmative resolu- 
tion of the above mentioned conjectures on unipotent flows, and also proved 
the uniform distribution for the individual orbits, through a series of long 
technical papers [I6j [I5j [T71 [18] involving many deep ideas. Ratner's the- 
orems were very powerful tools ready to be used. Since than several types 
of new Diophantine approximation results have been proved using the alge- 
braic properties of unipotent dynamics. The dynamical results were later 
generalized for p-adic Lie groups by Ratner [19] ; as well as by Margulis and 
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Tomanov [12J, whose also gave shorter and more conceptual proofs in all 
cases. 

What really surprises me about the p-adic case of Ratner theorem is the 
way it gets utilized in the work of V. Vatsal [24] on uniform distribution 
of Heegner points. Using a combination of remarkable number theoretic 
results and his observations, Vatsal reduced the study of distribution of 
Heegner points to the following combinatorial problem: 

Let T be a p + 1-regular tree for a prime p, and Q = T /V be a finite 
quotient graph, where V is group of automorphisms of T with finite stabi- 
lizers of vertices. Let V be a conjugate of V in Aut(T) such that V and 
r' do not have a common subgroup of finite index; that is, they are not 
commensurable. Fix a base point vq in T, and let T(n) denote the vertices 
of T at the distance n from vq. Consider the finite graph Q' = T/V, and let 
q : T — > Q and q' : T — » Q' denote the natural quotient maps. We embed T 
diagonally in T x T, and project it onto Q x Q'; more precisely we consider 
the map A : T — > Q x Q' given by A(v) = (q(v),q'(v)). The question is 
whether A(T(n)) surjects onto Q x Q' for large n, and does it visit all points 
of the product graph with the correct limiting frequency as n — > oo? 

His question was motivated by the fact that on a finite non-bipartite 
regular graph, a random walk of step n is uniformly distributed asn-> oo. 
On the other hand in this case it is already a question whether the image of 
the diagonally embedded T is surjective on Q x Q' . In the actual situation 
of interest, T = SL2(Z p )\ SL2(Q P ), realized as the Bruhat-Tits tree, and Y 
is a cocompact discrete subgroup of SL2(Q P ) so that Q is associated to the 
quotient by the right action of T, and V is a conjugate of T in SL2(Q P ). 
Therefore the surjectivity of the diagonal embedding follows if we can show 
that the set FT' is dense in SL2(Q P ); or more generally, if the element-wise 
product of any two non-commensurable lattices in SL2(Q P ) is a dense subset 
ofSL 2 (Q p ). 

Vatsal asked this question to Raghunathan, who realizing this as a ques- 
tion about orbit closures for T-action on SL2(Q p )/r' consulted Dani. The 
same question was earlier posed and answered in author's Masters thesis |22j 
for lattices in SL2(M) and SL2(C), and later in [23] for the lattices in ar- 
bitrary real semisimple Lie groups using Ratner's theorem. Dani informed 
Vatsal that his guess was indeed correct, and showed how to deduce the den- 
sity result using orbit closure results for actions of semisimple subgroup on 
p-adic homogeneous spaces. Later using Ratner's uniform distribution re- 
sults for unipotent flows on the homogeneous space SL2(Q P ) /T x SL2(Q P ) /V, 
Vatsal also deduced the uniform distribution for the set A(T(n)) as n — > oo 
in Q x Q'. 

It is remarkable that the above seemingly combinatorial question about 
products of certain finite graphs turns out to be intimately connected to 
deep algebraic behaviour of ergodic properties of unipotent flows; and these 
flows are analysed using local arguments involving the adjoint actions on 
the Lie algebra near the origin. 
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In what follows, we would like to give a self contained proof of the above 
surjectivity of the diagonal embedding of a tree in the product of several 
regular finite graphs as above. The published proofs of Ratner's theorem for 
p-adic Lie groups are quite intricate and they require taking care of many 
different possibilities associated to the general case. Our purpose here is to 
follow the original arguments of Margulis [10] used in his proof of Oppenheim 
conjecture, as well as those used in its extensions by Dani and Margulis [5], 
along with additional observations to give an elementary proof. 

In later works [H [25j [2] , Vatsal and Cornut also require the closure and 
the uniform distribution results for products of several copies of SL2(K) for 
any finite extension K of Q p . To take care of this, we have given our proofs 
for all local fields K of characteristic in place of Q p , without introducing 
any extra complications. 

After the introduction, the article gets divided into two independent parts. 
In SS 2-4, a proof of the orbit closure result is given. Near the end of this 
proof we also need to assume a technical result on 'uniform recurrence in 
linear time' on the 'non-singular' set for the case of the product of n — 1- 
copies. The SS 6 to 9 are devoted to proving this result, which in other 
words says that a non-singular unipotent orbit contributes zero measure on 
the singular set in its limiting distribution. Once we have proved this result, 
in § 10 we combine it with Ratner's description of ergodic invariant measures 
for unipotent flows and quickly deduce the result on uniform distribution. 
In this way, it is possible to directly proceed to § 6, directly after reading 
the Introduction, if one is only interested in the uniform distribution result. 
The Section 5 in the middle is devoted to results on closures of i7-orbits and 
commensurability of lattices. 

1.1. Notation. Let K denote a local field of characteristic zero. Let n > 1 
be given. Let G = SL 2 (K) n . For / J C {1, ... , n}, let 

Gj = {(gi,--- ,g n ) e G : g k = e, V& £ J} 

Hj = {(gi,...,g n ) G Gj : gi = gj,Vi,j G J; gk = e, Mk J}. 

Then Gj ^ SL 2 (iT) |J| and Hj ^ SL 2 (K), which is diagonally embedded in 
SL2(K)\ J \ , where \ J\ denotes the cardinality of J. If | J\ = 1 then Hj = Gj. 

Let C denote the collection of sets of the form J = {Ji, . . . , J m }, where 
1 < m < n, Ji C {1, . . . , n}, Ji ^ 0, and Ji n Jj = for all i ^ j. Define 



Hj = H Jl ■ ■ ■ 



H Jm- 
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W = {w(t) = (wi(t 1 ),...,w 1 (t n )) :t = 
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We also consider 

{(g,...,g)eG:geSL 2 (K)} = H {1 _ n} 
{«(*) = w(t, ■ ■ ■ ,t) : i G K} = W H H 
{d{a) = (d!(a),...,di(a)) : a G K x } = .4 n H, 
{w(h,..., t n _i,0) :*j Gif}. 

Assumption. For j = 1, . . . ,n, let be a discrete subgroup of G{j} such 
that Gyy/Tj is compact, and let T = Ti ■ ■ ■ T n . Then 

(i) G/r = G {1} /ri x ■ ■ ■ x G {n} /r n . 

In this article, we will consider the action of G on G/T by left translations; 
that is, if g G G and x G G/r then gx := (351 )[r], where 31 G G is such 
that x = g± [r] is the coset of #i in G/r. Also for any A C G and X C G/r, 
we define AX = {ax : a G A, x G X} C G/r. 

We endow G/r with the quotient topology; that is, a set X C G/T is 
closed (or open) if and only if its inverse image in G is closed (resp. open). 
Thus, given any A C G, and x = g[T] £ G /T for some 3 G G, the set Ax is 
closed in G/T if and only if AgT is a closed subset of G. 

Let 

Co := {J : Uj e jJ = {1, . . . , n}} = {J G C : Hj D [/}. 
1.2. Statements of the main results. 

Theorem 1.1. Given n > 1, let G, T, U, and the other notation be as 
above. For any x G G/T, there exists J G Co and w G W such that 

Ux = (wHjw~ 1 )x. 

Definition 1.1. A multi-parameter subgroup of W is a subgroup of W of 
the form V = {w(t) : t G where 2J is a subspace of K n . We define 
diml/ := dim^(QJ). 

Corollary 1.2. Given n > 1, let G, T , and the other notation be as above. 
Let V be a multi-parameter subgroup of W . Then for any x G G/T, there 
exists J G C and w G W such that Vx = wHjw~ x x. 

Corollary 1.3. For any x G G/T, there exists J G Co such that 

Hx = Hjx. 

In order to describe the relation between H, Tj's, and J, we need some 
definitions. 

In a topological group, two infinite discrete subgroups A and A' are said 
to be commensurable, if A n A' is a subgroup of finite index in both, A and 
A. 

For i = 1, . . . , n, let pi : G — > SI^K) denote the projection on the i-the 
factor. Let xq = er denote the coset of the identity in G/T. 



H = 

U = 

D = 

u 1 - = 
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Proposition 1.4. Suppose that Hjxq is compact for some J G Cq. Then 
for any J G J and any i,j G J, the lattices Pi(Ti) and Pj(Tj) in SL^-fQ 
are commensurable. 

Combining this fact with Corollary 11.31 immediately gives the next result. 
Note that Hj = G if and only if J = {1, ... , {n}}. 

Corollary 1.5. If piiVi) and Pi(Tj) are n °t commensurable for all i ^ j 
then HT = G. □ 

More generally, we will show the following: 

Corollary 1.6. Let J G Cq be the partition of {1, . . . , n} such that for any 
i,j, we have i,j G J for some J G J if and only if PiiT,/) and p%(Tj) are 
commensurable. Then Hxq = Hjxq. 

1.3. Singular set for the [/-action. In the proof of Theorem 11.11 we will 

need to understand the set of points for which the closure of the [/-orbit is 
contained in a closed orbit of a strictly lower dimensional subgroup of G. 

More precisely, we say that a point x G G/T is singular (for the [/-action 
on G/T) if Ux C {wHjw~ l )x and (wHjw~ 1 )x is compact for some J G Cq 
and w G l/- 1 , such that Hj ^ G. 

The set of singular points (for the [/-action on G/T) is denoted by S(U, T). 

Note that if n = 1 then S(U, T) = 0. 

Proposition 1.7. There always exists a non- singular point for the U -action 
on G/T; that is G/T / S(U, T). 

This fact can be proved quickly as follows: There exists a unique G- 
invariant probability measure v on G/T; that is, v(gE) = v(E) for any 
measurable set E C G/T and any g G G. By Moore's ergodicity theorem, 
[/-acts ergodically on G/T with respect v. Since v{E) > for any nonempty 
open subset of G/T, by Hedlund's lemma, Uy = G/T for z^-almost all y G 
G/T. Hence u(S(U,T)) = 0. 

In subsection 17. II we will also give a simple proof of Proposition [TT7] (with- 
out using Moore's ergodicity) by showing that S(U, T) is the image of a union 
of countably many algebraic subvarieties of G of strictly lower dimension. 

As mentioned before following property of unipotent flows, called uniform 
recurrence in linear time in [5] , at the end of the proof of Theorem 11.11 

Theorem 1.8. Let Xi — > x be a sequence in G/T such that x G* S(U, T). 
Then for any sequence ti — > oo in K and a compact neighbourhood D of 
in K , there exists t\ G (1 + D)t{ for every i G N, such that, after passing to 
a subsequence, uit'^Xi — > y for some y G G/T \ S(U, T). 

Note that if G = SL^if); that is n = 1, then Theorem 11.81 is a triviality, 
because S(U, T) = in this case. 

Moreover for proving the Theorem 11.11 for any given n, we will need to 
use Theorem 11.81 only for G = SL2(K) m , where m < n. 
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Therefore the proof of Theorem 11.11 for n = 2 uses only the trivial case of 
Theorem II .8\ that is for n = 1. 

The Theorem 11.81 is actually derived as a consequence of a more general 
result about limiting distribution of a sequence of [/-trajectories on the 
singular set. Since the techniques of proving this result are very different 
from the remaining part of the proof of Theorem 11.11 we have included all 
those results in a second part of this article. In the second part of this 
article we will also prove the uniform distribution result assuming Ratner's 
description of ergodic [/-invariant measures. In fact, the first part of this 
article uses some of the ideas which have their analogues in the classification 
of ergodic invariant measures for the [/-action. 

2. Preliminaries 

2.1. A result in ergodic theory. We recall a result from [TJ Prop. 1.5] 

Proposition 2.1. For any x E G/Y, the orbit DWx is dense in G/Y. 

Proof. Take any a G K such that \a\ p > 1 and let a = d{a). By Mautner's 
Phenomenon (see P3JH]), a acts ergodically on G/Y. Therefore by Hedlund's 
lemma there exists y G G/Y such that 

(2) {a i :i> 0}y = G/Y. 

Let a sequence {y k } G {a 1 : i > 0}y be such that y k — » x as k — > oo. 

Let z G G/Y be given. Then by ([2]) there exists a sequence ik — > oo such 
that a %k y k — ► z, as k — > oo. 

Let a sequence — » e in G be such that y^ = g^x for all k. Since 
Lie(G) = T [Lie(VF)] ® Lie(A) ® Lie(W), there exist sequences — > and 
tfc — > in if n , (ifc — s- e in A, and a /co G N such that 

9fc = T [w(s k )]d k w(t k ), \/k > k . 

Therefore a %k y k = (a lk g k a lk )a lk yk. Now 

a ik g k a~ ik = T [w(a- 2tk s k )]d k w(a 2ik t k ) =: 5 k w k , Vk > k , 

where 5 k := T [w(a~ 2lk s k )]d k and w k := w(a 2tk t k ) G W. Thus a* fe t/fc = 
S k w k a tk x and <5& — * e. Therefore 

w k a %k x = 5/: l (a %k y k ) -> lim a Jfe y fc = z. 

Thus z G WDx = DWx. This shows that G/Y C DWx. □ 

The proofs of Mautner's phenomenon and Hedlund's lemma are very nice 
and short PQ. The above result deviates from the classical ergodic theory 
results in one essential way; namely it tells something about the dynamical 
property of each individual orbit, rather than of almost every orbit. It is 
due to this reason we are able use the above result for problems in number 
theory. 
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2.2. Basic lemmas on minimal sets for group actions. In this subsec- 
tion let G be a locally compact second countable topological group acting 
continuously on a topological space Q. For a subgroup F of G, a subset X 
of f2 is called F -minimal if X is closed, F-invariant, and does not contain 
any proper closed F-invariant subset. Thus if X is F-minimal then Fx = X 
for every x G X. By Zorn's lemma, any compact F-invariant subset of Q 
contains an F-minimal subset. 

Lemma 2.2 (Margulis [H]). Let F, P and P' be subgroups of G such that 
F C P n P' . Let Y, Y' be closed subsets of Vt, and M C G be any set. 
Suppose that 

(1) PY C Y, P'Y' C Y', 

(2) mY n Y' / /or a// m £ M, and 

(3) Y" is compact and F -minimal. 

Then gY C Y' /or a// y G N G (F) n P'MP. 

In particular, if Y' = Y then Y is invariant under the closed subgroup 
generated by N G (F) n P'MP. 

Proof. Let g G P'MP. There exist sequences {p^} C P', {mi} C M, and 
{pi} C P such that p'flniPi — > 3 as i — ► oo. 

By 2), for each mj there exists a yj G Y such that € Y 7 . Since 

C y and y is compact, by passing to subsequences, we may assume 
that p~ yi —> y for some y G Y. Now {p'jmyi} C Y'. Therefore as i — > oo, 

p^y, = (p'imiPi)(p7 1 yi) gy ^ Y'. 

Further if 5 € N G (F), then 

Y' d Fyy = yTy~ = gFy = gY, 

where Fy = y because y is F-minimal. □ 

Lemma 2.3 (Margulis [H]). Assume that G acts transitively on f2. Let 
F and P, where F C P, be a closed subgroups of G, and Y be a compact 
F -minimal subset ofVt. Suppose there exists y G Y and a neighbourhood $ 
of the identity in G such that 

(3) {g G $ : gy G Y} C P. 

Then rj(F) is compact in P/P y , where P y = {g G P : gy = y} and rj : P — > 
P/Py is the natural quotient map. 

Proof. It is enough to show that given a sequence {/j} C i 7 , the sequence 
{^(/i)} has a convergent subsequence. 

To show this, we note that after passing through a subsequence, fiy — > 
for some z£7. Since f2 is a homogeneous space of G, $y is a neighbourhood 
of y in O. Now since Y-is i^-minimal, Fy is dense in Y , and hence there 
exists / G F such that fz G Therefore by ([3]), /z = p'y for some p' G P. 
Hence z = py, where p = f p' G P. Thus fay — > py. Hence (p _1 /i)y — > y. 
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Again by ([3]) there exists a sequence pi — ► e in P such that (p~ 1 fi)y = p%y 
for all large i. Thus /^y = pp^y; and hence f~ 1 ppi E Py for all large i. 
Therefore rj(fi) = r/(PPi) ~^ v(p) as i ^ oo. □ 

2.3. Limit set of a sequence of unipotent trajectories on a vector 
space. Later after applying Lemma 12.21 we will proceed further using the 
following result. 

Proposition 2.4. Let McG\ Nq(U) such that e E M. Then the closure 
of the subgroup generated by UMU n ~Nq(U) contains either wDw^ 1 for 
some w E W, or a nontrivial one-parameter subgroup ofU^. 

The proof of this proposition is based on the following general result 
[10115]: Let V be a finite dimensional vector space over K and U = {u(t)} t <=K 
be a nontrivial one-parameter unipotent subgroup of GL(V) and {pi} be a 
sequence of points in V such that each of the trajectories {u{t)pi} t &K is non- 
constant. Let L denote the space of [/-fixed vectors in V . Now if pi — > p 
for some p E L then, after passing to a subsequence, the following holds: 
there exist a sequence t{ — > oo in K and a non-constant polynomial map 
: K — > V such that for any s € K, we have u(sti)pi — > 4>(s) as i — > oo. 

We will prove this only for the cases needed for our purpose. 

Let V = K 2 and consider the standard linear action of {w%(t)} on K 2 . 
Let Jo = ( J) ■ Then Lq = {Hq : t E K} is the space of {wi(t)}-fixed vectors. 

Lemma 2.5. Let {pi} C K 2 ^Lq be a sequence such thatpi — > io as i ^ oo. 
Then, after passing to a subsequence, there exists a sequence ti — > oo sitc/i 
that the following holds: Then for any s E K, 

lim wi(sti) ■ pi = (1 + s)J . 

t— >oo 

Proof. Write Pi = {b\\ Vi. Since pj Lq> &i 0, Vi Put ij = . Then 
for any s E if, as i — > oo, 

-i(^)(s) = ( a r)-(^)- 

□ 

Let ii = ( 1 1 ) . For 1 < m < n, put 

E m = M 2 (K) m 

(a\ Im = (h, ■ ■ ■ , h) £ Em 

[> w m (t) =(w 1 (t),...,w 1 (t))£SL 2 (K) m 

L m = {X E E m : w m (t)Xw m {-t) = X, Vt E = (Lx) m , 

Lemma 2.6 (Margulis). Lei {Aj} C £7 m \ L m be a sequence such that 
Xi — > I m as i — > oo. T/ien a/ter passing to a subsequence, there exist a 
sequence ti — > oo, and a nonconstant polynomial map if) : K — > if" 1 o/ 
degree at most 2 suc/i i/iai given any s & K and a sequence Si — > s in K , 

(5) lim w m (siti)XiW m (-Siti) = w m (tp{s)). 

Ln particular, tp(0) = 0. 
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Proof. If we write Xi = (X;(l), . . .,Xi(m)), where X^j) G M 2 {K) for 1 < 
j < m, and Xi(j,t) = wi{t)Xi(j)wi(—t) then 

w m (t)XiWm(-t) = (Xi(l,t), . . . ,Xi(m,t)). 
Fix any 1 < j < m. If X l (j) = Qg} £g>), then 

(6) X j(j ,t) = ^( j) + ( C f di(j l^f j) )t + § ~ C f)t\ 

If Xi(j,t) = Xi(j) for all £, then a(j) = = di(j) - di(j), and we put 
ti(j) = oo. If Cj(j) ^ or — aj(j) 7^ 0, then there exists ti(j) G K such 
that 

(7) max^diij) - ^(mmAciUMj) 2 ]} = 1. 

As i — > 00, since A,(j) — > 0, we have aj(j) — — > 1 — 1 = and q(j) — > 0. 
Therefore tj(j') — > 00, and hence |ci(j)^(j)| < — ► as i — > 00. 
Put 

(8) ti = min{tj(l), . . . ,ij(m)}. 

Since Xj (Li) m , we have that ti < 00. Since Xi — > 7 m , we have — » 00. 
By ([7]) and (JSj) , after passing to a subsequence, for each 1 < j < m, there 
exist etj ,(3j G K such that 

(9) lim (di(j) - ai(j))ti = at,- and lim -Ci(j)t 2 = 0j. 

i—*oo i— >oo 

In particular, Cj(j)ij — > for all j. Now © follows from © and ([9]), where 
■0(s) = (ais + f3is 2 , a m s + (3 m s 2 ). 

Due to (JH), I 

a jo I — 1 or \Pj 1 — 1 for some jo- Therefore ip is nonconstant. □ 
Proof of Proposition 12.4b Let 

E = En-x x K 2 and p = (I n _ i; J ). 

Define the linear action of G on i? as follows: For any 

? = ( ff (l), . . . , g(n)) £ G, and I = (1(1), . . . , J(n - 1); 7) G £, 

(10) g ■ X = (g(l)X{l)g{2)- 1 ,...,g(n- l)X(n - l)g(n)- 1 ; g(n)Y). 
Then 

(11) U = {geG:g- P = p}. 
Let L = {X G E : U ■ X = X} = x L . Then 

(12) N G (U) = {geG:g- P eL}. 

We note that N G (C7) = Z(G)DW, where Z(G) = {(±h, . . .,±h) G G} is 
the center of G. Also 

(13) G ■p = SL 2 (K) n - 1 x K*I . 

For g G G if g • p G UM ■ p then there exist Ui £ U and G M such 
that ■Ujmj • p — > 5 • p as i — > 00. Then (g^mmi) - p —> p. Therefore, by (|13|) 
there exists a sequence 5j — > e in G such that (g~ l Uirrii) ■ p = Si • p for alH. 
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By (fTTjl there exist u\ G U such that g~ 1 Uim,iu' i = 5i for each i. Therefore 
Uirrnu'i — » 5. 

Thus for any g £ G, 

(14) <?-pG UM-pfM^g g Z7m!7 n N G (?7). 

By ()12p . M • p n L = and e G M. Therefore there exists a sequence 

(15) {XijdM-pcE^L, 

such that Xj — > p as i — > 00. By combining Lemma 12.51 and Lemma 12.61 
after passing to subsequences, there exists a sequence t{ — > 00 in K such 
that for any s £ K, 

(16) lim u(s*i) • = (u;„_i(i/>(s)); 0(s)J o ) G L, 
were is a polynomial of degree at most 1, </>(0) = 1 and 

is a polynomial map of degree at most 2, tjj(Q) = 0, and ip or </> is non- 
constant. We define ip' k = X)j=fc ipj for 1 < k < n — I, and 

iP'( S ) = W 1 (s),...,i>' n _ l ,0)eK n . 

Then ijj' : K — > ET n is a polynomial of degree at most 2, and i/?' is constant 
if and only if ifi is constant. 

For any s £ K such that <f>(s) 7^ 0, we put 

(17) $( S ) = ^WWO*))- 
Therefore due to (llOj) . 

(18) • p = (wi(^i(s)), . . . , Wi(Vn~l(«))5 0(«)/o) G £■ 
Therefore by (fT5|)- (fT8j) . 

$(s)-pGt/-(M-p)nL. 

Hence by JUJ and ([T7|> . for all s £ X with <j)(s) ^ 0, 

$(s) G DU L r\UMU. 

Now the conclusion of the proposition follows from Lemma f2 .91 proved below. 

□ 

2.4. Some more elementary lemmas. It is straightforward to verify the 
following. 

Lemma 2.7. Let m G N and ip : K — > if m 6e a polynomial map such that 
deg{ip) > 1. Then there exists a nonzero vector v G K m such for any s G K, 

(19) ip(t + st~ q ) - ip(t) -> sv as t -> 00, 

where q = deg(ip) — 1. in particular, any closed additive subgroup generated 
by ip{K) contains a nonzero subspace of K m . □ 

Lemma 2.8. Let F be an abelian subgroup of DW the either F C {d(±l)}W 
or there exists v G W such that F C vDv^ 1 . 
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Proof. Suppose d(a)w(t) G F for some a G K* such that a =^ ±1. Let 
v = w((l — a 2 ) _1 i). Then v d(a)w(t)v = d(a). Therefore v~ 1 Fv is 
contained in the centralizer of d(a). 

Now for any (3 G iT x and s G i^ n , we have 

d(a)[d(^)w(s)]d(a) _1 = d{/3)w(a 2 s). 

Therefore, since a 2 ^ 1, we have vFv^ 1 C D. □ 

Lemma 2.9. Lei <fi : K —> K be a linear map, and ip : K — > i^ n_1 x {0} 6e 
a polynomial map such that at least one of them is non-constant, 0(0) = 1 
and ip(0) = 0. Let F be the closed subgroup of DU 1 - generated by 

{$(*) := w{m)dm)) :t€K, <f>(t) + 0}. 

Then either F contains a nontrivial one-parameter subgroup of U 1 - or F = 
vDv~ l for some v G U^. 

Proof. If F C U 1 - then the result follows from Lemma 12.71 Otherwise ^ is a 
non-constant linear map. Therefore <j>(K) = K. In particular, F Z(G)W. 

If F is abelian, then by Lemma 12.81 there exists v G W such that F C 
vDv~ l . Since <fi is linear and nonconstant, F = vDv^ 1 . 

Now we can further assume that F is not abelian. Since the commutator 

[F,F] c [DU L ,DU L ] C U^, 

there exists s G K n ~ l x {0}, s / such that w(s) G F. Therefore 

*(t)n>(a)*(*) -1 = w(0(t) 2 s) G F, Vi G 

Put := (j) 2 (t)s. Then i/> : K — > IT™ -1 x {0} is a non-constant polynomial 
map. Therefore by Lemma 12.71 applied to ifi we conclude that F contains a 
nontrivial one-parameter subgroup of If- 1 -. This completes the proof. □ 

The following is a special case of the general fact that cocompact dis- 
crete subgroups in semisimple Lie groups do not contain unipotent elements 
having nontrivial Adjoint action on the Lie algebra. 

Proposition 2.10. WnG x = {e} for all x G G/T. 

Proof. Let C be a compact subset of G such that CT = G. Since V is 
discrete, there exists a neighbourhood $7 of e in G such that cZ(G)T~ 1 nf2 = 
{e} for all c G C. Therefore 

G y nn = {e}, My eCY/Y = G/Y. 

Suppose that w(t) G G x for some t G K. Let a G K x such that |a| < 1. 
Then 

Gd{a*)x = d(a t )G x d(a^ 1 ) 9 d(a 4 )w(t)d(a~ J ) = w(a 2i t) — > e 

as i — > oo. Therefore tu(a 2i t) G G d ^^ x H = {e} for some «. Hence 
w(t) = e. □ 
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Proposition 2.11. Let A be a discrete subgroup of DW such that An W = 
{e}. Then W acts properly on DW/A. 

Proof. We have 

[A, A] c [DW, DW] n A c W n A = {e}. 

Hence A is an abelian subgroup of DW. If g = d(—l)w(t) G A for some 
t G K n , then g 2 = w(2t) G A n W = {e}; and hence t = 0. Therefore by 
Lemma 12.81 there exists v G W such that A C vDv~^. 
Since DW = (vDv'^W = WivDv" 1 ), we have that 

DW/A = W(vDv^)/A W x {vDv~ l / A) 

is a W-equivariant isomorphism, where W acts on the space Wx {vDv^ 1 / A) 
by translation on the first factor and trivially on the second factor; and this 
action is proper. □ 

3. [/-MINIMAL SETS 

In order to understand closed [/-invariant sets, especially the closures of 
[/-orbits, we begin with the study of [/-minimal sets. 

Theorem 3.1. Let X be a U -minimal subset of G/Y. Then X is invariant 
under either vDv^ 1 for some v G U or a nontrivial one-parameter subgroup 

Proof. Let M = {g G G : gX n X / 0}. For any j£Mn N G ([/), gX n X 
is a nonempty closed [/-invariant set. Hence by minimality gX = X. Thus 
M (~1 Ng([/) is a closed subgroup of G. We note that DW is a subgroup of 
finite index in N G (J7) = Z(G)DW. Therefore M 1 := M n DW is a closed 
subgroup of DM/ and an open subgroup of M Pi Ng(ET). 

First suppose that e M \ N G (*7). Then every orbit of M n N G ([/) 
in X is open. Therefore every orbit of M\ on X is open, and hence it is 
compact. Let x G X. Since U C Mi, and X is [/-minimal, X = M\x. 
Hence M\/{M\) X = M\x = X is compact. By Proposition 12.101 and Propo- 
sition [2JTl U acts properly on Mi/(M\) X , which is a contradiction. 

Therefore e G M \ N G ([/). By Lemma 12.21 X is invariant under the 
subgroup generated by N G ([/) n UMU . Now the conclusion of the theorem 
follows from Proposition 12.41 □ 

Corollary 3.2. Let n = 1; that is, G = SL2(K) and T is a cocompact 
discrete subgroup of G. Then Ux is dense in G/T for every x G G/Y. 
In other words, Theorem li.il is valid for n = 1 . 

Proof. Since Ux is a closed [/-invariant subset of G/Y, there exists a compact 
[/-minimal subset X C Ux. By Theorem 13.11 X is invariant under D, 
because for the case of n = 1, we have W = U and [/^ = {e}. Thus 
X is a closed DW-invariant subset of G/Y. Therefore by Proposition 12.11 
X = G/Y. Thus Ux = G/Y. □ 
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3.1. D-invariant [/-minimal sets. In view of Theorem 13. 1\ we first sup- 
pose that the [/-minimal set is invariant under wDw -1 for some w G U . 
Now Y := w~ 1 X is [/-minimal and D-invariant. Therefore for simplicity of 
notation we will further investigate Y, rather than X. 
We need the following group theoretic result. 

Proposition 3.3. Let sequences {hi} in SL2(K) and {ti} in K , — > oo be 
given. Then, after passing to a subsequence, there exists at most one s* G K 
such that for any s G K, s ^ s* , the following holds: 

(20) wi{sti)hiB — > eB as i — > oo, 

where B is the group of all upper triangular matrices in SL^iT), and the 
limit is considered in the quotient space SL^-fC) / B . 

In fact, if {h{} is a constant sequence, then (|20p holds for all s G K. 

Proof. Consider the projective linear action of SL2(-ftT) on the projective 
space V = (K 2 \ {0})/K x . Let < v > denote the image of v G K 2 on 
V. The the stabilizer of < e\ > is B, where e.\ = (q). We can express 
hi <e\ >= (( 6* )), where |oj| 2 + \bi\ 2 = 1. Then for any s G K, 
(21) 

Wl {sti)h t < ei >= 6 *)> = (( 6i/a ,U&J>> if s ^ -<H/(tibi). 

After passing to a subsequence, either — Oj/(tj6j) — > s* for some s* G K, 
or \—ai/(tibi)\ — > oo. By (j2~T1) . if s ^ s*, then since \ti\ — > oo, 

w\{sti)hi <ei>^<ei> . 

From this (|20p follows, because the action of S\->2{K) on V is transitive, and 
the stabilizer of <e± > is B. □ 

The next proposition is very similar to Proposition 12.41 and it will allow 
us to investigate further after an application of Lemma 12.21 

Proposition 3.4. Let M C G such that e G M \ H. Then the closed 
subgroup generated by DUMDU D W contains a nontrivial one-parameter 
subgroup of U 1 - . 

Proof. First we suppose that e M \ U^H. Since e G M \ ff , there exit 
v G U 1 - \ {e} and h £ H such that u/i £ M. By Proposition 13.31 applied 
to H = SL2(-fT) and DU = B, there exists a sequence {ui} C U such that 
mhDU -> eL>[7 in F/L>[7. Hence 

UivhDU = vuihDU — > vDU, as i ^ oo. 

Therefore v G UMDU. We can write w = u;(t), t G K n \ {0}. Then 
d(a)vd(—a) = w(a 2 i) for all a G K x . By Lemma [2.71 the closure of the 
additive subgroup generated by {a 2 t : a G K} in K n contains Kt. Hence the 
subgroup generated by DU MDU n W contains a nontrivial one-parameter 
subgroup of If- 1 . 

Now we may assume that e G M x U^H. Let a sequence {^j C M\U^~H 
be such that c/j — ► e. Since G = Gii^.^-ijif , we can write gi = Xj/ij, where 
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Xi G Gii ...,n-i} x -^i — * 0) an d hi ^ e in H. By Lemma EU after 
passing to a subsequence, there exist a sequence tj — > oo in K and a non- 
constant polynomial map i/j : K —> K n of degree at most 2 such that for any 
s € K, 

(22) lim u(sti)Xiu(-sti) = w(ip(s)) G C/" 1 . 
i— >oo 

By Proposition 13.31 there exists at most one s* G K such that for all 
s £ K with s/s*, the following holds: 

(23) u(sti)hi(DU) ^ DU, as % -> oo. 
By (|23]) and ([23]), Vs G -RT with s / s*, as i -> oo, 

u(sti) gi DU = (uist^Xiui-st^iuist^hiDU) -> w(il>(a))DU, 

in G/DU. Thus u#(s)) G UMDU, Vs G A". Since W = if n , and V(s) is 
a non-constant polynomial map, the conclusion of this proposition follows 
from Lemma 12.71 □ 

Theorem 3.5. Ze£ X be a U -minimal subset of G/T. Then either X is 
a closed orbit of wHw^ 1 for some w G U^, or X is invariant under a 
nontrivial one-parameter subgroup of U 1 - . 

Proof. By Theorem 13.14 we are reduced to considering the case that X is 
ii;Du;~ 1 -invariant for some w G W. 

We put Y = w~ 1 X. Then Y is D [/-invariant and [/-minimal. Let 

M = {g G G : gY n Y ^ 0}. 

By Lemma E2 applied ioY' = Y,P = P' = DU and F = U, we have 
that Y is invariant under the subgroup generated by DUMDU n Nq(U). 

Now if e G M \ H then by Proposition 13.41 there exists a nontrivial 
one-parameter subgroup, say V, of [/"*" such that VY = Y. Therefore 

VX = V{w~ l Y) = W - l {VY) = w~ X Y = X, 

and the conclusion of the theorem holds. 

Next suppose that e G" M \ H. Fix y G F and let A = H y . Then by 
Lemma 12.31 DUA/A is compact in H/A. Since H/DU is compact, we 
have that iif/A is compact. Therefore by Proposition 12.11 applied to the 
case of G : = H SL 2 (if), r := A, W := U, and L> := D, we conclude 
that DU A = H. Since Hy = H/A, we have that Hy is compact and 
Hy = DUy = Y. Hence X = (wHw~ 1 )(wy), which is a closed orbit of 
wHw^ 1 . □ 

3.2. Minimal sets for actions of at least 2 dimensional subgroups 
of W. 

Remark 3.1. For any x G G/T, there exists gj G Giijxx for 1 < j < n such 
that x = (gi . . . g n )T, and 

G x = (giT^ 1 ) ■ ■ ■ (^r^" 1 ). 
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In particular, for any J C {1, . . . , re}, we have 

(24) (Gj) x ^HG m /g,r jg T\ 

For JeC, define Uj = U JeJ J, \ J\ = \UJ\, Gj = Gyjj, Wj = WnGj, 
Uj = W n Hj = U J£J Uj, where Uj = W n Hj, and Dj = A n Hj = 
U JeJ Dj, where Dj = D n Hj. 

Theorem 3.6. Assume that for any k < re the Theorem \l.l\ is true for k in 
place of n. Let J G C such that J ^ {{1, . . . , re}}. Then for any x = G/T, 
we have Ujx = wHj/w~ 1 x for some J' E C and w G W. 

Proof. We intend to prove this result by induction on re. 

By our choice of J there exists J\ C J, where J\ G C and 1 < n\ := 
\{JJx\ < n. Put G 1 = G Jl and Ut = U J± . 

By Remark 13. H for any y G G/T, 

G W = n %}/(%}),. 

We claim that there exists J[ G C and w\ G such that, if we put 
Hi = w\Hj^w^ 1 then 

(25) Thx = Hxx. 

Here U x C H x C Gi. 

If J7i = {{U^i}}, then the claim follows by applying the assumption that 
Theorem II .11 is valid for n\ < n, G\ in place of G, and U\ in place of U. 

If J7i 7^ {{Ui7i}} then the claim follows by applying the induction hy- 
pothesis of this theorem to n\ < n in place of re, G\ in place of G, and J\ 
in place of J . Thus the claim is proved in all the cases. 

If J S" Co, then |j7"| < re, and hence if we choose J\ = J then the 
conclusion of the theorem follows from (125j) . 

Therefore we can assume that J G Co- Let J 2 = J \ 7^ 0. Then 
re2 = 1^1 = — |i7i| = re — rei < re. By the same argument as above for 
J 2 in place of J\ the following holds: there exists G C and it>2 G Wj^ 
such that, if we put G2 = Gj 2 , U 2 = ~Uj x and H 2 = w 2 Hjjw^ , then 
U 2 C H 2 C G 2 and 

(26) !7j~i = # 2 ^. 

Since (UJi) n (Uj 2 ) = 0, we have that G Jx C Z G (Gj 2 ). Therefore for 
any 52 G Gj- 2 , we have 

(27) E^g^c = g^Jj-^x = g 2 (w 1 H J >w^ 1 x) = w^H jiw^ 1 {g 2 x) . 
Moreover 



(28) 



H x H 2 x H X I(H X ) X x H 2 /(H 2 ) 
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which is compact. Hence by (j25l) - (l28j) . 

Ujx = U1U2X = U1H2X = H1H2X = wHjiw^x, 

where w = ui\W2 and J' = J[ U J^. This completes the proof of the 
theorem. □ 

Remark 3.2. By the condition of Theorem 13.61 n > 2. Therefore to begin 
the induction, we have n = 2 and for this case J = {{1}, {2}}, J\ = 
{{1}} and J2 = {{2}}, and the result follows from the assumption that 
Theorem 11.11 is valid for n = 1; in fact, this assumption was verified in 
Corollary 

Theorem 3.7. Assume that for all k < n, the Theorem \l.l\ is true for k in 
place of n. Let V be a multi-parameter subgroup ofW of dimension at least 
2 and containing U . Let X be a compact V -minimal subset of G/T . Then 
there exists J £ Co and w £ W such that X = (wHjw~ 1 )x. 

Proof. Without loss of generality we may assume that V is the largest multi- 
parameter subgroup of W whose action preserves X. 

If n = 2 then V = W and the theorem follows from Theorem 13.61 We 
intend to prove this theorem by induction on n. 

Let V! =VH G {li ...,„_i}. Then V = V X U , and dim^i > 1 (see Defini- 
tion [TTT]). Let J be the smallest subset of {1, . . . , n — 1} such that V\ C Gj. 
Then there exists a £ An Gj such that Uj C aV±a . 

Let Y be a compact Vi-minimal subset of X. Take y € Y. Then by 
Remark 13. 11 Gjy is compact, and 

Gjy = Gj/ J\(G{j})y 

In particular, Y C Gjy. 

Let y\ = ay. We claim that there exists J £ C and ui\ S W n Gj such 
that Hj C Gj and 

(29) (aVia~ l )yi = wiHjw^yi. 

If dimVi = 1, then Uj = aV\a . Since \ J\ < n, the claim follows from 
our first hypothesis that Theorem 11.11 is valid for \J\ in place of n, Gj in 
place of G, and Uj in place of U. 

If dimVi > 2, then the claim follows from the induction hypothesis of 
this theorem applied to Gj in place of G and aVia -1 in place of V in the 
statement. This completes the proof of the claim in both the cases. 

Prom (|29l) we have that 

Y D Viy = V\a~ l y\ = a -1 (aV\a~ l )y\ = a~ 1 w\Hjw^ 1 ay. 
Let w = a^wia G W n Gj. Then wDjw~ 1 y C Y C X, where Dj = 

AnH J = U IeJ D I . 

Therefore by Lemma 12.21 

(30) gX = X, Vg E N G (V) n V^wDjw-^V. 
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We have 



(31) 



N G (V)nV(wDjw 



l )V DWHUDjU, 



and 



(32) UDjU D {uDjvr 1 :u£U}=Yl {uDiU' 1 : u € [/>}. 

leJ 

Take any I £ J. Let {Xi} be a sequence in Dj \ {e} such that Xi ^ e as 
i — > co. In view of the identification Dj d Hj = SL 2 (K) C M 2 (K) = Ei, 
we have that 



(recall (|4"|)). We apply Lemma |2, 61 to conclude the following: The subgroup 
generated by {u-Dru -1 : u E £7/} contains i/j (see Lemma f2.7|) . Therefore 
by (f32|) . the subgroup generated by UDjU contains f7 j. Therefore by (j30j) 
and (|3ip . C/ j-X = X. By the maximality of V, assumed in the beginning of 
the proof, Uj C V. Thus Uj C Gj (1 V = V v Therefore 

Uj C Vi C a^Hja nW = a -1 (fTj- D W> = aUjaT 1 . 

Therefore E/j- = a~ x XJja, and hence Vi = JTj. Thus V = = C/jv, where 
i7' = i7 U {{!,... Now the theorem follows from Theorem 13.61 □ 



We intend to prove Theorem II .11 by induction on n. 
The case of n = 1 is proved in Corollary 13.21 

As an induction hypothesis, we assume that Theorem II .11 is valid for all k 
in place of n in its statement, where k < n — 1. In particular, the hypothesis 
of Theorem 13.71 is satisfied. 

Let X = Ux. Let V denote a maximal multi-parameter subgroup of W 
such that Vx' C X for some x' € X. Let Z be a compact ^-minimal subset 
contained in Fx'. Therefore by Theorem 13.51 and by Theorem 13.71 there 
exists J € Co and it; E U 1 - such that Z = wHjw~ l z', where z' G Z and 
V C wHjw' 1 . 

Note that u> -1 X = Uw~ 1 x. Now if we can show that = Hj'(w~ l x), 

then X = wHjiw~ 1 x and the conclusion of the theorem follows. Therefore 
without loss of generality, we replace X by w~ 1 X, Z by w Z, and z' by 
w~ 1 z', and assume that Z = Hjz' . 

I£ Hj = G, then X = G/T and the theorem is proved. 

Therefore we can assume that Hj = SL2(K) m for some m < n — 1. In 
view of (f24"l) . we have 



{XJ C E x \ Li 



4. Proof of Theorem ll.lt 



(33) 



A := {Hj) z , = Yl Hj/{Hj) z ,. 



We note that 



(34) 



Hj/A * Hjz' = Z 
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is compact. Therefore Hj/{Hj) z i is compact for all J £ J. Therefore by 
Proposition 11.71 applied to Hj in place of G and A in place of T, 

(35) 3z € Hj/A \ S(U,A). 

In view of (134D we treat z as an element of Z, and hence 

(36) Hjz' = Z = Hjz C X. 

We have made such a choice of z S(U,A) because later in the proof we 
intend to apply Theorem 1 1.81 for the [/-action on Hj/A. 
We define 

J* = {J n max{J} : J £ J, \ J\ > 1}. 

Now J e Co. Therefore G = Gj,-Hj. 

Since z £ Z C Ux, there exists a sequence — ► e in G such that giZ £ Ux 
for all i. We can express <?j = Xj/ij such that X{ € Gj-*, hi £ Hj, and 
Xj — ► e and /ij — ► e. 

If Xj € for some ^o, then 

(37) HjzCX = Ug~z = X~JIh~z C X lQ Hjz = X^HjXr 1 (X io z). 

In particular, z belongs to the closed orbit (Xi H j X^)(Xi z) . Therefore 

Hjz C X io HjXr\ Xio z) = (X H) HjX^) z . 

Hence Hj is an open subgroup of Xi HjX~ l . Since Hj is Zariski closed, we 
have that Hj = Xi^HjX~\ Therefore the inclusions in ([37]) are equalities. 
Hence X = Hjz, and the conclusion of the theorem holds. 

Now we may assume that {X{\ C Gj* \ W. Put m = [ LJ J7"* | - In view of 
the identification, Gj* = SL2(K) m , we have that 

{X t } cM 2 (K) m \L m 

(recall (HJ)). Also the conjugation action of u(t) on Gj* corresponds to the 
conjugation action of w m (t) on M2(K) m . Therefore by Lemma |2.6[ there 
exists a sequence t, — > oo and a non-constant polynomial map tp : K — > 
such that for any sequence Sj — > s in K, 

(38) lim u(sA)X i «(-s^ i ) = w(ip(s)) G Wj*. 

i— >oo 

If Z were [/-minimal, which would be the case if Hj = SL2(K), or if 
n = 2 and m < n — 1 = 1. We would then apply Lemma 12.21 for Y 7 = X, 
Y = Z, P' = U, P = Hj and F = U; and conclude that ^{s)X C X. 

In general, we will have to go deeper into the proof of Lemma 12.21 to see 
what is exactly required; and that turns out to be Theorem 11.81 as shown 
below. 

In view of (j33|) and (I36h . we apply Theorem 11.81 to Hj and A in places 
of G and T, respectively, and to the sequence {xi := hiz}i € ^ C Z. Since 
Xi — > z and z £ S(U,A) (see (i3~5j) ). we conclude the following: given any 
compact neighbourhood D of in A" and s € K, there exists a sequence 
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t\ G sti(l + D) such that, after passing to a subsequence, uit'^Xi — » y as 
i — ► oo, where y G Z = Hj/A and y G" S(U,A). 

Since Hj = SL2(K) m for some m < n — 1, by our induction hypothesis, 
Theorem 1 1.1 1 is valid for Hj'm. place of G. Therefore, since y is nonsingular 
for the £/ action on Z, we conclude that 

(39) = Z. 

Note that this is the second instance of the use of the induction hypothesis 
in this proof. 

We put S{ = t'Jti G s(l + £)) for all i Then t\ = SiU, and after passing 
to a subsequence, we may assume that Sj — ► s' and s' G s(l + D). Now by 

u{s4i)giZ = u(siti)XiXi 

= [u(Siti)XiU(-Siti)]u(Siti)Xi 

-> w(ifj(s'))y. 
Thus w(ip(s'))y E X, and hence by (i39j) 

X D Uw{ip{s'))y = w(ip(s'))Uy = *(s')Z. 

Since D was an arbitrarily chosen neighbourhood of 0, and s' G s(l + £)), 
we conclude that 

(40) X D w(il>(s))Z, Vs G K 

This finishes a major step in the proof, as we have obtained a nontrivial 
trajectory of a polynomial set in Wj*. Now we will use an idea from [5] to 
show that X contains a trajectory of a nontrivial one-parameter subgroup 

Since X is compact, there exists a sequence Tj — > oo in K and x' G X 
such that 

(41) w(ip{Ti))z -> x'. 
Then by Lemma 12.71 

^(H + si;" 9 ) - ^(T f ) -» s», G K, 

where q = deg(^) - 1 G {0, 1} and v G K n \ {0}. Therefore by (jll]) 

^(^(r, + s^" 9 ))z = w^T, + si;" 9 - ^(Ti))ti;(^(r f ))2 -> u/CawJar'. 

Therefore, since VZ = Z, for any u G V, by (|40j) . 

X 3 w(ip(Ti + sT~ 9 ))uz = uw(ip(Ti + sT~ q ))z — ► uw{sv)x . 

Thus VFlx' C X, where Vi = {w(sv) : s G X}. We note that V C iTj 
and ^(s) € Wj*. Therefore Vi is a nontrivial one-parameter subgroup of 
Wj*, which is not contained in V. Thus VV% is a multi-parameter subgroup 
of W which is strictly larger than V, and VV\x' C X. This contradicts 
the maximality property of V assumed at the beginning of the proof. This 
completes the proof of the theorem. □ 
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5. //-ORBIT CLOSURES 

Lemma 5.1. If D C wHjw^ 1 for some w £ W and J £ Co then w £ Hj. 

Proof. It easily follows from the facts that Nq(Hj) = Z(G)Hj, and that 
d(a)w(t)d(a)- 1 = w(a 2 t) for any t £ K n and a e K* . ' □ 

Define J to be the collection of closed subgroups F of G with the following 
properties: F/FnT is compact, and F = gHjg^ 1 for some g £ G and £ C. 

Lemma 5.2. J is countable. 

Proof. Let F € In view of Remark 13.11 

r 

F/Fnr^fJSL 2 ( J PC)/A l , 

8=1 

where A, is a cocompact discrete subgroup of SL2(if) and 1 < r < n. It 
is straightforward to verify that each A, is Zariski dense in SL2(K) (this is 
a very special easy case of the Borel's density theorem (see [SJ 0] or [T3j. 
Therefore Zcl(-F DT) = F, where Zcl(X) denotes the Zariski closure of a 
set X in M^-KT)™. Now there exists a finite set S C F (IT such that if (S) 
denotes the subgroup generated by S then 

Zci((s» = Zci(Fnr) = f. 

Thus 

# C {Zcl((5}) : S is a finite subset of T}. 
Since T is countable, J is countable. □ 

Proof of Corollary \1.3[ For any h £ H, by Theorem ll.il there exist it; £ IV 
and J £ Co such that 

hUh~ l x = hU{h~ l x) = h(wH jw^ih^x) = F h x, 

where Fh := hwHjw~^h~ x . 

Suppose if H C Fh then H C wHjw' 1 , and by Lemma [5.11 we have 
w £ Hj and = i/j-. Hence Hjx is compact, and 

Hjx DlTxD {hUh- l )x = Hjx. 

Thus Hx = Hjx, and we are through. 

Suppose that H ^ Fh, then h\Jhr x C F^CiH, which is a proper algebraic 
subgroup of H = SL2(-fC). Therefore F^nH at most 2 dimensional, and any 
nontrivial algebraic unipotent subgroup oi FhPiH equals hUh~ l . Hence for 
any hi £ H, if F hl = F h then h x Uh^ 1 = hUh' 1 . Thus, 

(42) for any h, hi £ H: if H (f. F h and F h = F hl , then hi £ hN H (U). 

Now fix ^ £ G such that x = <?[T] £ G/T. Since i^x is compact, we 
have gFhX = gFhg~ 1 T /T is compact. Therefore gF/ l g~ 1 £ J. Since ^ is 
countable, the collection {Fh ■ h £ H} is countable. Hence due to (f42l) . 
since H/Njj(U) is uncountable, there exists h £ H such that F/j D i/, and 
we are back to the case considered earlier. □ 
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Proof of Proposition 11.41 Since Hj = Gj fl Hj, Y := GjXq n Hjxq is 
compact, and the stabilizer of xo, which is T, is discrete, we conclude that 
every orbit of Hj in Y is open. Therefore every orbit of Hj in Y is closed. 
In particular, Hjxo is compact. 

Therefore replacing G by Gj, Hj by Hj, and T by Gj n T, without loss 
of generality we may assume that Hxq is compact. 

In view of Remark I3.1|. we define the natural projection maps qj : G — > 
G{j} and qj : G/T — > G^y/Tj. Now q~ 1 (eTj) n Hxq is a compact subset of 
G/T. Since it is countable, it is finite. Therefore 

qj\eT 3 ) n Hx qJ^Tj) fl H/qJ l (Tj) nHnT 

is finite. Now 

g7i(r j )n J f/={(7,...,7)GG: 7 Gr j } 

and 

ffj 1 ^-) n H n r = {( 7 , . . . , 7 ) e g : 7 e n" =1 rj. 

Therefore fl™ =i rj is a subgroup of finite index in Tj. Therefore Tj and Tj 
are commensurable for all i and j. □ 

Proof of Corollary CCS Let J E J, and Aj = R^j^r,,). Then by 
definition Aj is a subgroup of finite index in Pj(Tj) for each j E J, and hence 
Aj is a cocompact lattice in SL 2 (K). Clearly, Hj/(Hj n T) = SL 2 (K)/Aj 
is compact. Therefore -ffjxo is compact. 

From this we obtain that Hjxq is compact. Now for any Ji,J 2 E J7 
with J\ ^ J 2 , we have that the lattices Aj x and Aj 2 are noncommensurable. 
Therefore applying Corollary [L5] to Hj in place of G, we conclude that .ffxo 
is dense in Hjxq. □ 

6. Limiting distributions of sequences of unipotent orbits 

As noted in the introduction, we start the second half of the article. 
First we give the statement of the main result, which says that a unipotent 
trajectory starting from a non-singular point attaches zero measure on its 
singular set S(U, T) in the limiting distribution. 

Notation. Let Ai = A4(G/T) denote the space of probability measures on 
G/T, which is compact. Then A4 is compact with respect to the topology of 
weak-* convergence; here by definition, a sequence — > \i in M. if f f dfa — > 
J f dp as i — > oo, for all / E C(G/T). 
Let 6 denote a Haar measure on K. 

Theorem 6.1. Let Xi — > x be a sequence in G/T and t{ — > oo be a sequence 
in K. Fix any measurable set O C K with < 9(D) < oo. Let Hi = E 
M(G/T) be defined as 

(43) rf {E) = 0({t£tiD:u(t) Xi eE}) ^ forallBordsetsEcG/T , 

0(tiD) 



22 



NIMISH A. SHAH 



Let (j, 6 M. be a limit of any subsequence of {pi}'*L 1 in M.. Further suppose 
that x <£S{U,T). Then p(S(U,T)) = 0. 

As a first consequence of this result, we deduce the result required in the 
proof of Theorem 11.11 

6.1. Proof of Theorem 11.81 Given a compact neighbourhood D of in 
K, we apply Theorem 16.11 for 1 + D in place of D in the statement above. 
Since fj,(S(U,T) = 0, we can choose y £ supp(//) \ S(U, T). Let Qi be a 
sequence of open neighbourhoods of y in G/T such that rijfJj = {y}. Now 
by the definition of pi = pl +<D , by passing to a subsequence of i, we may 
assume that supp( / u J 1+£) ) n Qj ^ 0. Then there exists t\ € (1 + 0)U such 
that u(t'j)xi G flj. Therefore u(i-)xj - * y as i — > oo. □ 

6.2. Uniform distribution of [/-orbits. As another main consequence 
of Theorem 16.11 we will deduce the uniform distribution of [/-orbits using 
Ratner's measure classification result. We first give an idea of the connection 
of both the results. 

Lemma 6.2. Any limit measure fi as obtained in Theorem \6.1\ is U -invariant. 

Since invariant measures decompose into its ergodic components, using 
the description of ergodic [/-invariant measures [El [12] and Theorem 16. 1[ 
we will obtain the following uniform distribution result. 

Theorem 6.3. Let D be a measurable subset of K such that < 9(D) < 
oo. Fix any x £ G/T then there exists w G W and J € C such that 
Ux = wHjw^x and the following holds: For T £ K \ {0} define fix € M. 
as 

(44) n T (E) = ° {{t ^ T ° o ' U ^ X € ^ > for all Borel sets EC G/T. 
Then for any continuous function f on G/T, we have 

f d[iT —* I f d[i as T — > oo in K, 



where fi denotes the unique wHjw 1 -invariant probability measure on the 
space 

wFLjw~ x x = wHjw' 1 /(wHjw' 1 n G x ), 
where G x denotes the stabilizer of x in G. 

7. A COUNTABILITY THEOREM AND THE SINGULAR SET 

Note that for any g £ G, and x = gxo, the orbit GjX = gG^yXQ is 
compact for any j = 1, . . . ,n, where xq £ G/T denotes the coset of the 
identity. Similarly, Gjx is compact for any nonempty J C {1, . . . ,n}. 

Let Tj = Gj D T, and p j : G/T — > Gj/T j denotes the natural projection 
in view of ([I]). Note that every fiber of pj is a compact orbit of the group 
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G jc, where J c = {1, . . . ,n} \ J. Therefore pj is a proper map; namely, the 
inverse images of compact sets are compact. 

We assume that n > 2. Let TL denote the collection of all subgroups 
F of G with the following properties: (i) F/F n T is compact, and (ii) 
F = f~ l GjcHjf for some / E Gj, where J C {1, . . . , n}, \ J\ = 2. Note that 
Z(G)F is a proper maximal subgroup of G, where Z(G) = {(±1, • • • , ±-0} 
denotes the center of G, and / = ( 1 1 ) . 

Note that FnT = T J c(fH J r 1 n Tj). Let A = fHjf~ l DTj. Then 
/ Hjf^ 1 1 A is compact and admits an /i?j/ _1 -invariant probability mea- 
sure. This measure projects onto an /////^-probability measure on fHjf^ 1 /L, 
where L denotes the Zariski closure of A in fHjf -1 . Since Hj = SL2(F), if 
L is one dimensional then the quotient cannot be compact, and if L is two 
dimensional then the quotient is a projective line and does not admit an 
invariant measure. Therefore L = fHjf -1 ; we remark that this conclusion 
is also a special case of Borel's density theorem OH]- Therefore fHjf~ l is 
the Zariski closure of the subgroup generated by a finite subset of Tj. Hence 
F E TL is determined by J and a finite subset of T. Since T is countable, we 
conclude the following: 

Lemma 7.1. The collection TL is countable. 

For any F E TL, we define (the algebraic variety) 
X(F) ={g£G:UC gFg' 1 }. 
Note that for any F (z TL and g E G: 

(45) g E X(F) Ugx C gFx = (gFg~ 1 )gxo, 

where xo = 7r(e) and ir : G — > G/T is the natural quotient map. 

Lemma 7.2. 5(G/T) = U Fe w 

Proof. By @5), tt(X(F)) C S(G/T). 

Now let (7 € G such that 5x0 £ S(G/F). Then there exists J ^ C and 
w eW such that Uj" = {1, . . . , n}, Hj- ^ G, U C wHjw^ 1 and Hjw~ l gXQ 
is compact. 

Therefore there exists 1 < ji < j'2 < ^ such that, if 5 = (<?i, ... ,g n ) an d 
5 E flj, then gj 1 = gj 2 . Put J = {j'1,,72}. Since G = GjcGj, there exists 
/ E Gj such that E Gjcf. 

If we put F = GjcfH J f- 1 , then F = Gjc^-^Hjj w^g). Si nce Gjcz 
is compact for all z E G/r, Fxo is compact. Hence g~ 1 Ugxo C Fxq. 
Therefore g~ 1 Ug C F, and hence g E X(F). □ 

Lemma 7.3. Lei F £ TL, J = {ji,i2} ; 1 < ji < j'2 < n, and f E Gj such 
that F = f- l GjcHjf. Then X(F) = WGjcHjZ{G)f. Moreover Hj(zfx ) 
is compact for every z E Z{G). 

Proof. Take any g E X(F). Let Uj = U n fl>. Then ^t/jg C f^Hjf. 
Since Hj = SL2(F), there exists h £ H such that 

^tZ/S = f^hUjh' 1 /. 
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Therefore h l fg E DjWjZ(G)Gjc. Multiplying h by an appropriate ele- 
ment of Dj on the right, we may assume that h~ l fg E WjGjcZ(G). Hence 
g E hfWjGjoZ(G) C WjGjcHjZ(G)f. 

Moreover GjcHj(zfxo) = zfGjc(f~ 1 Hjf)xo = zfFxo is compact. □ 

7.1. Proof of Proposition II. 7t By Lemma [7.31 the set X(F)j cannot 
contain an open subset of G for any F E H and 7 £ T, Now X(F) can 
be expressed as a countable union of compact sets, and since 7i and V are 
countable sets, by Baire's category theorem we have that G 7^ Ufgw X(F)T. 
Therefore G/T ^ S(U, T) by Lemma ES " ' □ 

8. Reducing Theorem 16.11 to the case of n = 2 

By Lemma 17.21 and Lemma 17.31 in order to prove that p(S(G/T)) = 0, it 
is enough to show that p,(WGjaHjy) = for every J = {ji,j2}, 1 < ji < 
32 < n, and y € G/T such that Hjy is compact. 

Fix J and y as above. Then Hjy is compact in Gj/T j, where y = pj(y)- 
Also 

(46) {pj)-\WjHjy) = WGjcHjy. 

Let Ji denote the projection of fi on Gj/Tj via pj; that is, p(E) = 
p,((pj)^ 1 (E)) for any Borel measurable set E C Gj/Tj. Therefore in order 
to prove that p(WGjcHjy) = 0, it is enough to show that pZ(WjHjy) = 0. 
Further it is enough to show that for any compact set C C Wj, 

(47) p(CHjy) = 0. 

Note that Gj = SL2(i^) X SL2(K), and under this isomorphism Hj cor- 
responds to the diagonally embedded copy of SL2(K) in SL2(K) x SL2(K). 
For the projection homomorphism pj : G — > Gj, let u(t) := pj(u(t)) E Hj 
for all t E K. Let Xi = pj(xi), and let pi E M.{G j/T j) be such that 

9({t £ UQ : u(t)xi £ E\) r „ „ , „ ^ 
W(^) = 37- ^, for all Borel sets E C Gj/rj. 

Then pi is the projection of pi on Gj/Tj. Furthermore whenever pi ^ p 
in M(G/T), we have /ij -> /i. Since x WGjcHjy C «S(C/,r), by ®, 
x := WjHjy, and -> x. 

In view of the above explanation, to prove Theorem 16.11 it is enough to 
prove it for the case of n = 2. 

For r > 0, and x E K, let B x (r) denote the ball of radius r > in K 
centered at x. 

8.1. Reduction to the case of D = Bo(r). Since < 0(O) < 00, given 
any (3 < 1 there exists a compact subset Di C D such that 9(D\)/9(0) > (3. 
Therefore it will be enough to prove the result under the assumption that 
O C B (r) for some r > 0. Put B = B (r). 

Let \ = p B as defined in (03}. Then pi(E) < (9{B) /0{O))Xi{E) for any 
Borel set E C G/T. By passing to a subsequences we have that pi — > // and 
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Xi -> X as i -> oo. Therefore p{E) < (9(B)/0(D))X(E) for all Borel sets 
E C G/T. Therefore if we prove that \(S(U,T)) = 0, then fj,(S(U,T)) = 0. 
This proves that it is enough to prove Theorem 16.11 for D = B$(r) for all 
r > 0. 

9. Theorem O for G = SL 2 (K) x SL 2 (K) 

Let G = SL 2 (iT) x SL 2 (K) and # be the diagonal embedding of SL 2 (K) 
inC. For h,t 2 e K, let u>(ti,i 2 ) := (( 1 ** ) , ( 1 f f )). Let W = {u»(ti, t 2 ) : 
ti G if. Define u(t) = w{t, t) G G, Vi G if, and J7 = : i G if} = Wfl-ff. 

Let r be a discrete subgroup of G such that G/T is compact. 

In this section we will prove the following: 

Theorem 9.1. Let y G G/T such that Hy is compact. Let x% — > x be a 

convergent sequence in G/T such that x WHy. Then given any e > and 
a compact set C\ CW there exist a neighbourhood of C\Hy in G/T and 
a natural number zq such that Vi > iq and T > 0, 

(48) 9{{t G B (T) : u(t) Xi G *i}) < eO(B (T)). 

9.1. Proof of Theorem 16.11 Let D = -£>o( r ) f° r some r > 0. In view 
of (HH, < e • 0(fl o (r)) for all i > i , and hence fi(CiHy) = 0. Since 
C\ can be chosen to be an arbitrary compact subset of W, we have that 
fi(WHy) = 0. Thus in view of the discussion in Section El the Theorem 19.11 
implies Theorem 16.11 □ 

9.2. Linearization of the [/-action near WHy. For a group F acting 
on a set X and an element x G X, let 

Fx = {f £ F : fx = x}, the stabilizer of x in F. 

Note that G = G {1} H and Wff = W X H, where Wi = n W = 

M*,0) :t£4 Let i = (J?). 

Lemma 9.2. wHw' 1 n H = U U (-L, -I)U for all w G Wi \ {e}. 

Proof. Let h = (x,x) & H and u> = (i«i,i) G Wi, / i. Then whw^ 1 G 
H ^> x = wixw^ 1 x = {^q s & K. □ 

The next observation, which states that the singular set WHy = W\Hy 
does not self-intersect along W\ , makes the study of dynamics near singular 
sets much simpler in our situation, as compared to the general case |21|, 
Lemma 6.5]. 

Proposition 9.3. For wi,W2 G W\, if w\ ^ w 2 then w\Hy n w 2 Hy = 0. 

Proof. Let Z = w\Hy fl w 2 Hy. Suppose that Z / 0. Put Hi = WiHw^ 1 . 
Then WiHy = H\(uiiy) = H{Z is compact for every z G Z ' . Since G z is a 
discrete group, (Hi n H 2 )z is open in Z = H\z n ii 2 z. Since u?i 7^ 102, by 
Lemma f9.2|, U is an open subgroup of H\ DH 2 . Therefore every orbit of [7 on 
Z is open in Z. Hence every orbit of U on Z is closed. Since Z is compact, 
[/z = U/U n G z is compact, which contradicts Proposition 12.101 □ 



26 NIMISH A. SHAH 

We consider a linear action of G on E := M2(K) denned as follows: Given 
9 = (91,92) G G and X <E E, 

g ■ X := giXg 2 l . 

Let I = ( I § ) G E. Then 



(49) tf = { 5GG :<7-/ = /} 

(50) G ■ I = SL 2 (K) C E. 

Let W = {wi{t) :t£K}cE. Then Wi ■ I = W, and 

(51) WifT = W.ff = {5 € G : 5 • / G W}. 



Lemma 9.4. T/ie se£ Gy • / is discrete. 

Proof. Since ify is compact, H/HClG y is compact, and hence HG y is closed 
in G. Therefore HG y is closed in G. Hence G^-ff = (HGy)^ 1 is closed in 
G. Due to dSIl) and (02D, the map G/i? -> SL 2 (if) given by gH ^ g ■ I is 
a homeomorphism. Hence G y • I is a closed subset of SL2(-ftT), and hence of 
E. Further since G y is countable, G y ■ I is discrete. □ 

For any z G G/r, we define 7£(z) = {g ■ I : gz = y, g £ G}. Note that 
if z = gy, then 7£(z) = 5G y • 7 = glZ(y). The set 7£(z) is called the set of 
representatives of z in E. By Lemma 19.4^ 1Z(z) is discrete. 

Lemma 9.5. #(K(z) n W) < 1, /or a// z G G/r. 

Proof. If 571 • 1,572 • / G W for some 71,72 G G y , then by (f49l) . there exist 
u>i G W\ such that 5^ G W{H for i = 1, 2. Then 

5712/ = 912V G wi-ffy n w 2 Hy. 

Therefore by Proposition 19.31 w\ = w 2 . Hence gjiH = w\H = w 2 H = 
g-f 2 H. Thus 571 • I = 572 • I. □ 

The following observation will allow us to 'linearize' the G-action in thin 
neighbourhoods of compact subsets of WHy. 

Lemma 9.6. Given a compact subset D ofW, there exists a neighbourhood 
$ of D in E such that #(K(z) n $) < 1 for all z G G/r. 

Proof. Let {^j} be a decreasing sequence of relatively compact neighbour- 
hoods of D in E such that f\ <&j = D. If the lemma is false, then there exists 
a sequence {z^} C G/r such that #(TZ(zi) n <3?i) > 2 for all «. By passing 
to a subsequence we may assume that z,- L = giy for a sequence ft — > 5 in G, 
and for each i there exist 7$ , <5j G G y such that 

(52) 5^7^ ■ I,gi-6i- 1 G$i and 7* • J 7^ <5j • I. 

Now 

{7i,*i : » G N} C U^ 1 {5~ 1 ^} C ({ft : * G N} U {5})$!, 
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which is compact. Therefore by Lemma 19.41 there exist 7,0" £ G y such that 
7i • I = 7 ■ I and 5i ■ I = 5 ■ I for all large i. Therefore gi ■ 7 ■ I — ► 57 • I £ D, 
and similarly gS ■ I E D. Therefore by Lemma l9.5( gj ■ I = g8 ■ I. Hence 

7i • J = 7 • I = S ■ I = 6i ■ I, for all large i, 

a contradiction to (1521). □ 



9.3. Growth properties of polynomial maps. For any v G E, the coor- 
dinate functions of the map t 1— > u(t) ■ v are polynomials of degree at most 2. 
Therefore to study the behaviour of the [/-orbits on thin neighbourhoods of 
compact subsets of W, we will use the growth properties of the polynomial 
maps as described in the following basic observations (see [6] ) . 

Let I > 1 be the dimension of K over the topological closure of Q in K. 
For a ball B in K, let rad(-B) denote the radius of B such that rad(-B) = |A| 
for some A € K. Then for any balls B\ and B2 in K, 

(53) 6(B 2 ) = (r 2 /ri)' • where n = r ad (£;). 

Lemma 9.7. Lei e > and d G N 6e given. Then there exists c > suc/i 
£/ia£ /or any / E K[t] with deg(/) < d, and any ball B in K, 

(54) 6({t E B : \f(t)\ < csup|/(i)|}) < e ■ 0(B). 

teB 

In fact, we can choose c = Cj l {e/d) d / 1 , where C d = 1 if K is non-archimedean, 
and Cd = (d + l)2 d if K is archimedean. 

Proof. Put M = sup teB I /(£)[. Fix any c > 0. Put / = {t € B : \f(t)\ < 
cM}. Suppose that 

(55) 6(1) >e- 6(B). 

We claim that there exist points xq , . . . , in I such that 

(56) \xi- Xj \ > (e/dfl l r, Vi^j, 

where r denotes the radius of B. 

To prove the claim, suppose that xo,...,Xk are chosen so that (|56j) holds 
for < i,j < k, where < k < d — 1. Put 

k 



f=|J B x .((e/df 



r) 



j=0 

Then by d53j) , 

6(1') <(k + l)(e/d)6(B) < e6(B). 

By (|55l) there exists Xj + i E In/'. Then a?j| > (ejd) 1 ! 1 for all j < i— 1. 

This proves the claim. 

By Lagrange's interpolation formula, 



/(*)= ^ f(xi)H- 



0<i<d jj^i 1 
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Now \f(xi)\ < cM and < 2/(e/d) 1 / 1 for all j ^ i, and x £ B. 

I 1 3 I 

Therefore M < (d + l)cM2 d /(e/d) d/l . This leads to a contradiction if we 
choose c = (l/(d + l)2 d )(e/ d) d > 1 . Therefore fl22) cannot hold. □ 

Corollary 9.8. For any f G K[t] with deg(f) < d, and balls B\ C B2 in 
K, let Mi = sup t( z B .\f(t)\ and t{ = rad(Uj) for i = 1,2. Then 

(57) M 2 < C d {r 2 lr x ) d M x . 

Proof. Let < e < {r 2 /n)- 1 . Let F = {t G B 2 : \ f(t)\ < C d 1 e d / l M 2 \. Then 
by Lemma 19.71 and (|53j) , 

9(F) < e0(B 2 ) = e(r 2 /n)^(Bi) < 9(B x (r)). 

Thus B a (r) £ F, and hence Mi > C d l e d / l M 2 . Hence M 2 > C d X d Mi. □ 

Proposition 9.9. Given e > and a compact set C C W, i/iere exists a 
compact set D C W containing C such that the following holds: given any 
neighbourhood of D inW there exists a neighbourhood ^ of C in E such 
that for any v G E and any ball 33 in K, one of the following holds: 

(58) u(33)i> C $ 
or 

(59) 9{{t G 35 : u(t)v G *}) < e • 0({t G 33 : u(t)v G $}). 
Proof. Let {0i, . . . , ^4} be linear functionals on E such that 

y=(t l( r V \ ^.VveS. 
y V&Cv) 04(y)y ' y 

Then 

W = {|/££:^-/)=0, V</2}. 

Note that c/> 2 (y - I) = foiy) for all y E E. Define = <pi(u(t)v - I) for 
all t and t G if. Then / 4 G K[t] and deg(/j) < 2. 
There exists a 2 > such that 

Cc{y GW: |0 2 (2/ - J)| <a 2 } 

We fix a small < c < 1, whose value will be specified below. Let 
M 2 = c~ x a 2 and put 

D = {y e W:\MV ~I)\<M 2 }. 

Now given any neighbourhood of D, there exists M, > for each i ^ 2, 
such that 

$D{ye£:|&(y-I)|<M i> Vi}- 
We choose aj = cMj for each i 7^ 2, and put 

$ = {yefi: — Z)| <a i; Vi}. 

Then ^ is a neighbourhood of C. 
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Define 



(60) F = {t£<B: \fi(t)\ <M U Vi} 

(61) C {t G 53 : u(t)v G $}, 

and 

(62) F x = {t e 23 : \fi(t)\ < a, Vi} 

(63) = {t G 55 : «(t)« G 



Suppose that (i58j) does not hold. Then 

53 t F. 

A ball B C F is a called a maximal ball in F, \t B 1 <jt F for any ball 
.B' C 53 strictly bigger than B. 

Let be a maximal ball in F. We claim that 

(64) sup|/ io (t) \> r _1 M io , for some i , 

where r = p 2 C2 > 1 if K is non-archimedean, and r = 1 if IT is archimedean. 

Suppose if sup teB |/j(£)| < Mj for all i, then B C F C 53. Then there 
exists a ball B' C 53 strictly bigger than £?. Hence B 1 (jL F . Therefore by 
([60]) . for some io, 

sup\f io (t)\>M io . 
teB' 

If is a finite extension of Q p , we choose B' such that rad(-B')/ rad(S) = 
p; and ((571) implies (f64j) . If is archimedean, (f64l) is straightforward to 
conclude. 

If K is non-archimedean or K = R, then any two intersecting maximal 
balls in F are same. Therefore F = L)B, where B denotes the collection of 
disjoint maximal balls of F. If K = C then there exists a collection B' of 
disjoint maximal balls in F such that if we put B = {B x (3r) : B x (r) G B'} 
then F C US (cf. \20\ Proof of Lemma 8.4]). Therefore 

(65) 6 ( B ) ^ k9 ( F ) 

BeB 

where k = 1 if K ^ C and k = 9 if K = C. 

We specify the value c = (C 2 e 2// ) _lr_1 - Let B £ B. Therefore by (gUP , 
there exists ?o such that 

sup|/ io (t)| ^r^M^. 

Since Qj = cMj , by ([62]) and Lemma 19.71 applied to /j : 

HB)< G B : |/ i0 (t)| < a i0 }) < e • (9(B). 
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Therefore by ([65]) . we get that 
= 9(F l n (UB)) 

B&JB BeuB 
Therefore (|59D follows from (EID and §3§. □ 

9.4. Proof of Theorem I9.lt Given e > and a compact set C\ C W, put 
C = C\ ■ I C W, and obtain D C W as in Proposition 19.91 By Lemma 19.61 
there exists a neighbourhood $ of D in i£ such that 

(66) n $) < i, Vzg G/r. 

In other words, every element of G/Y can have at most one representative 
in <£. 

The set Wd ■= {w G W\ : w ■ I G D} is compact. Also {g : g ■ I £ 
D} = W D H. Now £>! := W D #y is a compact subset of WlTy C G/Y. 
Since x ^ WHy, and 7£(x) D -D = 0. Since TZ(x) is discrete and D is 
compact, there exists a compact neighbourhood V of the identity in G such 
that V1Z(x) n -D = 0. We replace $ by $ \ FT^x), which is an open 
neighbourhood of D. Since Xi — > x, we have Xi G V72.(x) for all i > iq for 
some iq. Since lZ{vx) = v7Z(x) for all v G V, we have that have that 

(67) -ft(xi)n$ = 0, Vi>i - 

By Proposition 19.91 and (|67p . there exists a neighbourhood \& of C in i£ 
contained in $ such that for any T > 0, 

G B (T) : «(*)„ G *}) 

^ j <ffl({teeo(T):ti(i)De$}), v«£$. 

Let \Pi = {gy : 9 • I G VP, g G G} C G/T. Since ^ is a neighbourhood of 
C = C\H ■ I in E, we conclude that \Pi is a neighbourhood of C±Hy in G/T. 
Now fix T > 0. For a subset SlcE, define 

Ln(v) = {t £ Bq(T) : u(t)v G O}, VvEE. 

We observe that 

(69) {t G B (T) : n(t)x, G *i} = (J L*(»). 

By (JSZD and ®, 

(70) 0(L*(i;)) < e • 0(L*(t>)), Vi> G lZ{xi). 
We claim that 

(71) L$K)nL$(t) 2 ) = i, Vvi + v 2 , Vi e K(xi). 

If the claim is false, then there exists t G L${v\) n L$(i>2). Therefore 
{it(t)«i,u(t)t>2} C lZ(u(t)xi) D <3? and u(t)vi ^ u{t)v2- This contradicts 
(I66|) . This proves the claim. 
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Now due to (fiTj) . 
(72) J2 0{L^{v))<9{W). 

Combining fl69|), ([TOj) , and ([72]), we get 

9({t G B (T) : u{t)x G *i}) < e • B{W), V* > i . 

□ 

10. Uniform distribution for unipotent orbits 

10.1. Proof of Lemma 16.21 Let e > be given. Since < 9(D) < oo by 
the observation as before, we may assume that D is compact. Now since 
9 is translation invariant and regular, there exists 5 > 0, such that for any 
s G K with \s\ < 5, we have 

9((D + s)AO)/9(D) > e, 

where AAB := (A \ B) U (B \ A). 

Let s € if be given. If t G K such that |i| > <5 _1 |s|, then 

9((tD + s) A W)/e(tD) = 9(t((D + r x s) A D))/0(i£>) 

= e((i) + r 1 s)AO)/9(D) < e. 

Let io ^ N be such that \ti\ > <5 1 [ s [ for all i > «o- Then for any Borel set 
EcG/T, 

\Hi(u(-s)E) - Hi(E)\ < 9({t i O + s)AD)/9(t i O) < e, Vi > i . 

Therefore s)^) — /i(-E)j < e. Since e, s, and £" are arbitrary, /i is 

[/-invariant. □ 

10.2. On the definition of singular set. We begin with a group theoretic 
observation. 

Proposition 10.1. Suppose F is a closed subgroup of G containing U and 
x G G/T such that Fx is compact. Then there exists J G C and w G W 
such that wHjw' 1 C F C Z(G)(wH J w' 1 ). 

Proof. First we consider the case of n = 1, that is G = SL2(iT). Now 
suppose that F C N G (U) = DU. Since [F, F] C U, by Proposition fZJQl 
[F X1 F X ] C U C\G X = {e}. Therefore F x is an abelian subgroup of DU. Also 
since F X C\U = {e}, it is straightforward to verify that F x C uDu^ 1 for some 
u G U. Since F = U^Du^ 1 n F), it follows that F/F x cannot be compact, 
a contradiction. 

Therefore there exists / G F such that U' := fUf^ 1 ^ U. Then for the 
standard SL2(-ftT) action on K 2 , 

UU'(l)=K^(K). 

Hence 

U'UU'(l) =K 2 \{0}. 
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Since the stabilizer of (J) is C, we have that U'UU'U = SL^if). Therefore 
F = G = and the proof is complete. 

We intend to prove the general case by induction on n. Therefore we 
assume that the proposition is valid for k in place of n, where k = 1, . . . , n—1. 

For i G {1, . . . , n} and J = {1, . . . , n} \ {i}, let pi : G — > Gj and pi : 
G/T — > Gj/Tj be the natural quotient maps. 

Now if i 7 D Gj for some i, then Pi(F)pi(x) = pi(Fx) is compact. Since 
Pi(U) plays the role of U in Gj, the general result easily follows from the 
induction hypothesis. 

Now we assume that F 7$ Gj for each j. For any i = 1, . . . , n, let qi = G — > 
Gj and % : G/T — > G{j}/Tj be the natural projection maps for i = 1, . . . , n. 
Then from the case of n = 1 we deduce that 

q % {Fx) = qi (F)qi(x) = G^. 

Hence <7i(.F) = G«. 

Let F\ = G{!}F. Since G^y is compact for all y G G/r, we have that 
Fix is compact. Therefore by what we have proved above there exists w G W 
and J G C such that 

wHjw" 1 cFiC Z{G)wH jW - 1 . 
UHj^G then wHjuj- 1 9* SL 2 (iT) fc for some 1 < fc < n - 1. Since 

wHjw' 1 /(wHjw~ v ) x = Y[ wHjw^ 1 /(wHjw~ l ) x , 

JeJ 

we conclude the result from the induction hypothesis. 

Therefore we can assume that G^iyF = F± = G. Since F n ker(gi) = 
FnG{ 2 ,...,n} is a normal subgroup of F, and it commutes with G{iy, we have 
that F n ker(gi) is normal in G and in particular it is a normal subgroup 
of G{2,..., n }- Since we have assumed that F does not contain G^y for any j, 
we have that Fnker(gi) C Z(G). Since gi(-F) = G^y, we have n = 2. Thus 
G = SL 2 (K) x SL 2 (K), and Lie(F) ^ Lie(SL 2 (K)). By the same argument 
as above F n ker(g 2 ) C Z(G). Since projection of F on each of the factors 
is surjective, there exists g G G 2 such that 

Lie(F) = {(X,Ad(#)X) : X G Lie(SL 2 (i^))} 

Since U C F, we have that Ad(^)(g J) = (g J). Therefore 5 G Z{G)W n 
G 2 . Therefore we can choose u> G H^ such that wHsi^yw -1 C F C 
Z{G)wH{ 12 } w -1 - This proves the proposition in all the cases. □ 

Now from the above result it is straightforward to deduce the following: 

Corollary 10.2. The singular set S(U, T) consists of those x G G/T such 
that Fx is compact for some proper closed subgroup FofG containing U. □ 
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10.3. Ergodic [/-invariant measures on G/T. The following description 
of U -ergodic measures was obtained in [171 [El [12] 

Theorem 10.3 (Ratner, Margulis-Tomanov). Let X be a U -invariant U- 
ergodic probability measure on G/T. Then there exists a closed subgroup F 
of G containing U and a point x G G/T such that Fx = F/F x is compact 
and A is the unique F -invariant probability measure supported on Fx. 
In particular, by Corollary MO. Si if X(S(U,T)) = then A is G-invariant. 

□ 

10.4. Proof of Theorem 16. 31 We intend to prove this result by induction 
on n. 

If x G S(U, r) then there exists w G W and J G C such that if we put 
F = wHjw~ l then Ux C Fx, Fx is compact, and F = SL2(K) k , where 
k = \J~\ < n — 1. Since 

Fx £S F/F x = 11 wHjw-'/iwHjw- 1 ), 

and wHjw -1 = SL^-fC), we can replace G by F and the result follows from 
the induction hypothesis. 

Therefore now we can assume that x G G/T \ S(U, T). We put Xi = x for 
all i. Choose any sequence Tj — > oo in K. Then by (|43p and (|44p we have 
that ^ = fj,Tt for all i. Now by passing to a subsequence we may assume 
that Hi — > fi for some fi G M.; that is, for any / G C{G/T), 

lim / / dni= / / d/u. 
l -*°°JG/r iG/r 

By Lemma 16.21 we have that fi is [/-invariant. By Theorem 16.11 we have 
that ijl{S{U, r)) = 0. Therefore in view of the decomposition of an invariant 
measure into its ergodic components, we have that \{S(U, T)) = for almost 
all [/-ergodic components A of /i. Therefore by Theorem 110.31 almost all U- 
ergodic components of [i are G-invariant. Hence [x is G-invariant. □ 
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